Motivated by problems involving diffusion through small gaps, we revisit twodimensional eigenvalue problems with localized perturbations to Neumann boundary conditions. We recover the known result that the gravest eigenvalue is O(jln ej K1 ), where e is the ratio of the size of the hole to the length-scale of the domain, and provide a simple and constructive approach for summing the inverse logarithm terms and obtaining further corrections. Comparisons with numerical solutions obtained for special geometries, both for the Dirichlet 'patch problem' where the perturbation to the boundary consists of a different boundary condition and for the gap problem, confirm that this approach is a simple way of obtaining an accurate value for the gravest eigenvalue and hence the long-term outcome of the underlying diffusion problem.
Introduction
Consider Brownian motion in a two-dimensional domain separated into two halves by a barrier. The domain and the barrier are impermeable, but the barrier contains a small hole. (Extensions to multiple barriers and multiple holes are straightforward but lengthy.) Then, the density inside the domain is obtained by solving the diffusion equation u t Z V 2 u; ð1:1Þ
with the Neumann condition u n Z0 on the boundary. Separation of variables shows that for a bounded domain the solution can be written as again with Neumann boundary conditions. Note that the lowest eigenvalue is always l 0 Z0, corresponding to steady state. The non-trivial large-time behaviour of the solution is determined by the eigenvalue l 1 . The value of the flux, u n , in the gap is unknown and is obtained as part of the solution. Physically one can see that if the hole is small enough, the density will become homogenized inside each subdomain much faster than it diffuses through the gap. Hence, if one starts with the density concentrated in one subdomain and the gap is small, the slow diffusion process through the gap will take place with nearly spatially uniform but time-dependent values of u in the gap. This motivates the Dirichlet 'patch problem', in which one considers subdomains in isolation and replaces the gap by a patch of boundary on which the density satisfies uZC, where C is a constant. Without loss of generality, we can take CZ0 (for multiple gaps, things are not so straightforward); this is exact for symmetrical geometries (see §5). hereafter WK) obtained, by matched asymptotic expansions, the leading-order behaviour of perturbed eigenvalue problems when the boundary condition is changed over a small region of the boundary of size, e. For two-dimensional cases, the change in the eigenvalue can be O(jln ej K1 ) and the leading-order solution can be a poor approximation to the actual eigenvalue.  hereafter WHK) presented a hybrid technique that sums all the terms in the expansion in (ln e) K1 and hence gives much more accurate results. Similar problems have been considered by a variety of authors. Extensions to the problem of low Reynolds number flow past a cylinder are given in Kropinski et al. (1995) and Keller & Ward (1996) , to an oxygen transport problem in Titcombe & Ward (2000) , to optimization of eigenvalues in Kolokolnikov et al. (2005) . These works all draw from the original WK work. There has been a considerable further amount of more abstract work, for example, the recent results in Denzler (1999) . The wide-ranging book of Maz'ya et al. (2000) presents a great many results on this and related problems, as well as further references. 9.1.3 and 9.1.5 of this book touch on the current problem, but the development is essentially formal and no constructive results are given.
For gaps in two dimensions, we give a new constructive method that is based on known solutions to fluid flow and wave scattering problems involving bodies with edges. Several explicit calculations are given and the general procedure deduced. The directness of the method is evident and we recover some results of WHK, as we must, without requiring any asymptotic matching. In addition, we show how to develop a small-k approximation to the Green's function, for any domain, that furnishes a more straightforward means of estimating the O(1) terms. We describe the approach by applying it to specific geometries (half disc and rectangle for the patch problem in §2, annulus disc, disc with barrier and multiple rectangles for the gap problem in §3). Then in §4, we look at a time-dependent problem involving diffusion through multiple connected rectangles. In §5, we apply the direct matched expansions technique to the half-disc problem to derive perturbations in the higher Fourier modes and show the usefulness of an undetermined scale factor in the WK method. We conclude in §6.
The patch problem
This is ðV 2 C lÞf Z 0; ð2:1Þ
with Neumann boundary condition f n Z0 over most of the boundary, except for a small Dirichlet patch with dimension O(e) where fZ0. The unperturbed problem always has the eigenvalue 0, corresponding to the steady-state solution to the original diffusion equation.
The leading-order value of the lowest eigenvalue obtained using the WK method is the same for all patch problems: it depends only on the value of the unperturbed eigenfunction which is essentially the inverse area for the gravest mode, and on the solution of an inner problem which is the same for all geometries. The result is
ð2:2Þ
where A is the area of the domain. This estimate is handicapped by the very slow decay of the inverse logarithm. Often, the determination of further terms soon becomes unmanageable, putting an efficient estimate out of reach. Previous experience leads us to expect an estimate of the form p[A ln(2/e)Cc] K1 , where c is a constant that the first correction term in equation (2.2) suffices to determine. We present a method that directly gives an estimate for c that effectively eliminates the need to determine an asymptotic expansion involving inverse powers of ln(2/e).
Our approach is to write the problem as an integral equation and expand it close to the patch. Then, we can extract the dependence of the eigenvalue on the patch location and width by keeping more and more terms in this expansion. The leading-order solution requires the solution of an associated Poisson problem, as does WHK.
(a ) The half disc Suppose that f(r, q) satisfies (We take lZk 2 here for convenience.) The Dirichlet patch corresponds to the region jxKx 0 j!e of the x-axis, on which fZ0 (the symmetry allows us to take x 0 O0 in the calculations of this section and, as expected, the results depend only on x 2 0 ). Here, the Green's function G(x, y, x 0 , k 2 ) satisfying is given by
where e 0 Z1 and e n Z2(nR1) is the Neumann symbol. (The first term in equation (2.10) is the Green's function of the Helmholtz operator in an unbounded domain and Graf's addition theorem enables the Neumann boundary condition to be satisfied by adding separated solutions of the Helmholtz equation.) The appearance of the delta function ensures that the unit inward flux is confined to the point (x 0 , 0). It is assumed that J 0 n ðkÞ s0, so that the denominators in G do not vanish. The behaviour of G along the patch is then given by ) with respect to x 1 and x 2 , respectively, and, like G Ã , are evaluated here and below at (x 0 , x 0 ). We have, on inserting the small-argument form of Y 0 into equation (2.11),
The new function G Ã (a function of x 0 only), also used by WHK, is the key to the approach and may be obtained numerically from the solution to the following problem, which is just the previous Helmholtz equation with the logarithmic term removed. Write
Then,
with appropriate Neumann conditions on the boundary. We obtain
Another formulation is to write 19Þ This leads to where T n is a Chebyshev polynomial of the first kind, chosen because the squareroot factor is the weight function in the orthogonality property of {T n :nR0} (Davis & Scharstein 1993 The orthogonality properties of Chebyshev polynomials yield the equation Keeping two terms in the Chebyshev expansion suffices to obtain equation (2.29). Clearly this process can be continued to as many terms as needed in the series equation (2.22). However, more terms will be needed in the non-singular parts of the Green's function (2.11), both from expanding the Y 0 function and from the series. Equation (2.29) is valid for all eigenvalues k that are not too large. Neglecting the order term, we can solve for k numerically using standard root-finding procedures. Alternatively, we can obtain leading-order predictions by expanding for small k,l
and for small (kKj 1m ) (mO0),
ð2:31Þ
These estimates apply to a perturbation of the azimuthal mode j 0 (kr), which has eigenvalue kZj 1m , where j 1m is the mth root of
To summarize, and in order of decreasing accuracy, we now have three predictions for the lowest eigenvalue: equation (2.29), which requires numerical root-finding, the small-k and small-(kKj 1m ) approximations (2.30) and (2.31), and the basic WK result To gain an idea of the accuracy of the different results that have been presented, figure 1 shows the eigenvalue l as a function of e for the cases x 0 Z0 and 0.3. The curves show values obtained using the formulae above. The initial guess for the root-finding procedure was the WK prediction (2.2). Full numerical solutions to equation (2.3) with appropriate boundary conditions were used for comparison.
The full solutions were first computed using the MATLAB finite-element toolbox. Four levels of grid refinement were used. Numerical tests showed that the eigenvalues had converged to two significant figures in the range of e down to 10 .29), using the explicit form of G Ã as well as G Ã from equations (2.18) and (2.21) computed using finite elements-the three curves are indistinguishable; dots, leading-order approximation (2.30); horizontal/vertical crosses, leadingorder approximation (2.30) neglecting the infinite series; dashed curves, numerical solution to the original eigenvalue problem (2.3) using finite elements; circles (x 0 Z0 only), numerical solution to the original eigenvalue problem using a naive spectral method to solve equation (2.3); diagonal crosses, leading-order WK prediction (2.2).
comparing with exact solutions.) A spectral approach was also used, following closely Weideman & Reddy (2000; see also Trefethen 2000) , with 50 Chebyshev functions in r and 50 Fourier modes in q. The spectral approach gave plausible results for x 0 Z0, but is so poor for x 0 Z0.3 that the results are not shown. The failure of the spectral method is to be expected, since the collocation points on the boundary grotesquely under-resolve the Dirichlet patch. For example, when x 0 Z0.3 the Dirichlet patch corresponds to a single collocation point on the boundary for eZ10
K2
. The step-like structure of the circles is simply a result of the number of collocation points in the Dirichlet patch being quantized and staying fixed over a range of e. This is not to say that an efficient spectral method cannot be found. Rather we see that for an equivalent amount of programming work (in fact quite a bit less), the asymptotic approach is a fast and accurate option. The numerical solution to the Poisson problem (2.17) both using finite elements and spectral methods was easy, fast and accurate.
Representative timings are given in table 1: the main conclusion to be drawn is that the time in the asymptotic method is independent of e. The FE method gets more expensive as more and more grid refinement is required (the refinement is done automatically by MATLAB).
We have not compared the lowest asymptotic eigenvalues for the half disc to exact results for e down to 10 K8 , but they are clearly getting more accurate as e decreases. We also note that similar asymptotic expansions in cases where an exact solution exists were shown by WK to be very accurate.
(b ) The general case
The methods of the previous subsection are evidently independent, except for the construction of Green's function, of the half-disc geometry. Suppose that f(x, y) satisfies V 2 fCk 2 fZ0 in a domain D subject to the homogeneous Neumann condition vf/vnZ0 on the piecewise smooth boundary C except on a small arc C p where fZ0. The latter is assumed to be not close to a corner, which case needs separate discussion, as illustrated by the example in §3b. Dimensionless parameterization of the small arc is achieved using a length-scale L associated Table 1 . Timings for the half-disc problem on a two-processor 2.7 GHz PowerPC G5 machine using MATLAB. Each number comes from a single typical calculation and has been rounded to the nearest second (or below); no attempt has been made to obtain statistics. The last column is probably subject to granularity in the MATLAB tic and toc commands. Kolokolnikov et al. (2005) for the patch case. We can recover the basic WK result by finding a crude approximation for G Ã . We note that integrating equation (2.8) over the domain, using the divergence theorem for the first term and then substituting the point source in the boundary term, gives the exact relation k
and not an O(1) term, as is well known (cf. e.g. Kolokolnikov et al. 2005) . Substituting this into equation (2.29) gives equation (2.32), which is the same as equation (2.2). Hence, the basic WK estimate is dangerous because, while it comes from the dominant term in G Ã , the eigenvalue relation (2.29) is approximated by neglecting O(1) terms compared with logarithmic terms.
With interest focused on the eigenvalue perturbed from zero, we aim to solve the problem for G as a series in k 2 . The form of the Helmholtz operator suggests that we write
where A is the area of D and the regular functions K 0 and K 1 satisfy
The boundary conditions, derived from the low-order terms in the expansion of Y 0 , are vK
ð2:40Þ
In the first instance, these conditions are applied on CKC p ; their extension to C as shown completes the definitions of K 0 and K
1
. Evidently, K 0 is determined by a Poisson problem to within an arbitrary constant, whose value is given by the identity ð
obtained by applying the divergence theorem to the second of equations (2.38).
In the half-disc example, equations (2.39) and (2.40) yield with a n immaterial, whence (c ) The rectangle
We now apply this technique to the rectangle 0!y!a, 0!x!b with a Dirichlet patch at xZ0, jyKy 0 j!e. We need the Green's function to the problem with a source within the patch as above. We then need to isolate the logarithmic singularity of the Green's function and the linear correction to it, which will not have a simple closed form as in equation (2.14).
Let G(x, y, y 0 , k 2 ) be the Green's function such that It is assumed that k 2 does not coincide with an eigenvalue and noted that equation (2.50) requires a source of strength 2 at (0, y 0 ). Thus, by construction, Ã on k is known only numerically. One procedure that can be used for the rectangle is a resummation of the series for G and then judicious use of the Ewald sum procedure. This is outlined in appendix A. By contrast, the small-k approximation method described by equations (2.37)-(2.41) is remarkably successful. The problem for K 0 is first reduced to the elementary construction of a harmonic function that has zero normal derivatives on the three sides xZ0, yZ0 and yZa. The logarithmic terms with nZ0 in equation (2.52) yield ; which can be summed by evaluating its x-and y-derivatives. The additional function of x 0 , determined so that the sum is zero at the origin, is immaterial here since K 0 contains an arbitrary constant. Thus, we have
in which the log term appears on the left-hand side because the same unwanted term is included in the series, x 2 /2ab is a particular solution of V and subsequent substitution of these and equations (2.56) and (2.59) into equation (2.41) gives, after lengthy algebra, Note that, as in equation (2.30), the algebraic form of the estimate provides warning of the method's failure when the patch approaches a corner. Figure 2 compares the different results. The naive spectral method, which is entirely analogous to that in §2a, performs poorly yet again while the finite element method and the asymptotic result are close again. Once again, the WK result is clearly the correct asymptotic limit, but has slow inverse logarithmic decay. Computation times are summarized in table 2; they have the same characteristics as before.
The gap problem
We now consider problems with gaps between domains. The relevant geometries are shown in figure 3 for § §3a,b and 4.
(a ) Disc and annulus
Suppose that the disc 0%r!R 1 is connected to the annulus R 1 !r!R 2 by the small gap rZR 1 , jqj!e/1. The interior Green's function G i (r, qKq 0 , k 2 ) and the annular Green's function G a (r, qKq 0 , k 2 ) satisfying Figure 2 . The lowest eigenvalue l for the rectangle with aZ2, bZ1 and y 0 Z0.3. Solid curve, computed by solving for k in equation (2.57), using G Ã computed numerically using finite elements; dots, leading-order approximation (2.63); dashed curves, numerical solution to the original eigenvalue problem using finite elements; circles, numerical solution to the original eigenvalue problem using a naive spectral method; crosses, leading-order WK prediction (2.2). 
ð3:5Þ
The appearance of the periodic delta function ensures that the unit inward (disc or annulus) flux is confined to the point rZR 1 , qZq 0 . The associated logarithmic singularity can be displayed by rewriting equation (3.5) and the first line of equation (3.6) in the forms
The second and the last terms in equation (3.7) cancel with the third term to leave equation (3.5), but the sum is now well behaved near the singular point. Similar comments apply to G a . The assumption that k 2 is not an eigenvalue of either the disc or the annulus ensures that the denominators in G i and G a are non-zero.
Suppose that f(r,q) satisfies equations (3.1), (3.2) and (3.4) and where, from equations (3.7) and (3.6), For the small-k approximation in the circular geometry considered above, the application of equations (2.37)-(2.41) to both the Green's functions yields
CFourier cosine series;
; which can be deduced from equation (3.17).
(b ) Circle with barrier
We now consider a circle of radius 1 with a barrier extending across its diameter from K1 to 1K2e. Owing to the symmetry of this problem, the lowest eigenvalue of this problem is the same as that for the Dirichlet patch problem above. However, putting x 0 Z1Ke into equation (2.30) indicates a breakdown in the approximation procedure. To overcome this problem, we use the following approach.
Since x 0 Z1Ke, the singularity in G is close to the boundary rZ1. Hence, we exploit the identity,
A. M. J. Davis and S. G. Llewellyn Smith by replacing equation (2.10) by
e n 2 Y n ðk=x 0 ÞJ n ðk rÞcos nq;
ð3:19Þ
in which the additional terms sum to zero. Then, 
a n T n ðwÞGð1Ke C es; 0; 1Ke C ew; k 2 Þ ðjsj! 1Þ; ð3:22Þ now yields, at leading order, The double integral is
The remaining integral is
where
Since I 0 (x)Z(arctan x)/x and I(0)Z0, it follows that Unfortunately, simple finite-element methods, such as the MATLAB toolbox, cannot handle domains that are divided into two by a barrier with zero width as in figure 3a ,b. A barrier with small but non-zero width could be used, but then one would not strictly be comparing the same values. More sophisticated software such as PLTMG (Bank 1994) can handle zero-width barriers but we did not pursue this approach. Another option is to use the extension to the method of particular solutions due to Betcke & Trefethen (2005) . This approach represents the solution by a sum of Fourier-Bessel terms that have the appropriate inverse square-root behaviour at the tip of the barrier and enforces the correct Neumann condition on the rest of the boundary. To ensure numerical well posedness, additional points in the interior of the domain are used to force the solution away from zero in the interior. However, the number of points on the boundary close to the gap, which is obviously crucial to the success of the method, depends on the total number of points used. Smaller gaps require more points to resolve the geometry of the boundary close to the gap. In practice, the method is beset by the same problems as the naive spectral approach mentioned above. for the leading term, and then matching in the gaps yields the asymptotic eigenvalue problem in the form of a tridiagonal system of N homogeneous equations for {a i 0 ;1%i%N}, namely
Note that for NZ1, equation (3.31) just recovers the small-k result (2.63) for the Dirichlet patch, as discussed in §1, because xZb is then a line of symmetry.
) have the term (abk 2 ) K1 , the leading-order behaviour for small k of the N eigenvalues is l WK times the eigenvalues of the tridiagonal matrix with diagonal elements unity and super/ subdiagonal elements 1/2. By setting up a recurrence relation, this matrix is found to have characteristic polynomial
where U N (cos j)Zsin(NC1)j/sin j is a Chebyshev polynomial of the second kind. Thus, the leading-order eigenvalues are just 1Kcos(jp/(NC1)) (1%j%N ) times the basic WK result (2.32) for the Dirichlet patch problems, for any Y i not close to 0 or a. Evidently, these depend on area but not on Y i . However, inclusion of the O(1) terms in all elements of equation (3.31) gives N approximate eigenvalues that are split off from the set l WK [1Kcos(jp/(NC1))] (1%j%N ). Figure 4 shows typical eigenvalues for multiple rectangles. Extensions to rectangles of different widths and heights are straightforward. Figure 5 shows some example results.
Diffusion through multiple rectangles
If we revert to the initial-value problem as expected. The truncated system (4.4) was solved to produce the Laplace-transformed variables A i0 (p). These Laplace transforms were subsequently inverted by following the method of Talbot (1979) , yielding the time evolution of the leadingorder flux values in the ith gap as pa i 0 (t), in the notation of §3c.
Matched asymptotic expansions for the half-disc with x 0 Z0
Here, we consider the lowest three Fourier modes and match more directly and informally than WK. On defining inner coordinates by ðx; yÞ Z eðX; Y Þ Z eðcosh x cos h; sinh x sin hÞ; ð5:1Þ the leading-order inner field is Laplacian and, to be zero at xZ0 (the gap) and have zero flux across the neighbouring boundary (hZ0,p), must be of the form
c n sinh nx cos nh: ð5:2Þ This result is obtained by the WK method with f 0 C l 1 f 1 wmðeÞ½ln r C lnð2=eÞ; ð5:5Þ
where m(e) is a scale factor to be determined. The right-hand side of equation (5.5) is the limit of the Laplacian field (5.2) away from the patch. Thus, 
Conclusion
Our method gives a dominant role to G Ã , which can be computed more easily than the eigenfunctions, for any piecewise smooth boundary. In particular, we have solved for G Ã numerically for the rectangle. Moreover, we give a straightforward construction for small k, which furnishes the desired estimate of the lowest eigenvalue, i.e. the one that is a perturbation from zero.
The numerical solution of the full patch problem is computationally demanding. For values of e smaller than can be attained for the patch problem, we can be reassured by the fact that exact solutions that exist for related problems such as that in Titcombe & Ward (2000) show excellent agreement between the exact solution and the eigenvalue obtained from resummed series corresponding to equation (2.29) here. Bigg & Tuck (1982) use matched asymptotic expansions to calculate Helmholtz resonances in cavities with small openings. Our approach could be applied to that problem.
The Bloch expansion is obtained from the image array in equation (2.52) by solving 
